We study light propagation in a random medium governed by the radiative transport equation. We present a theory for the transport equation with an inhomogeneous absorption coefficient. We obtain an analytical expression for the specific intensity in a uniform absorbing and scattering medium containing a point absorber.
INTRODUCTION
The radiative transport equation governs light propagation in random media such as clouds, fog and biological tissues. 1 It takes into account scattering and absorption due to inhomogeneities in the propagating medium. Although the general theory for this equation is established, 2, 3 analytical solutions are known only for relatively simple situations. Understanding the optical response due to inhomogeneities inside a uniform absorbing and scattering medium has several applications in remote sensing, target detection, and imaging. In this paper we formulate a general scattering theory for the radiative transport equation (RTE) with an absorbing inhomogeneity. We obtain an analytical expression for the case when the absorbing inhomogeneity is very small and can be approximated by a delta function. Using this point-absorber solution, we derive a system of equations for a collection of point absorbers. This system is analogous to the FoldyLax, self-consistent, multiple scattering equations for the wave field in a medium containing a collection of discrete scatterers. [4] [5] [6] [7] Scattering theory for the RTE requires knowledge of an appropriate Green's function. However, the Green's function for the RTE is known only for very simple physical situations. 2, 3 Recently, it has been shown that the RTE Green's function in both infinite and semi-infinite media can be computed as an expansion in two-dimensional plane-wave modes. 8 These plane-wave solutions are calculated numerically using the discrete ordinate method. Markel 9 has given an alternate formulation for the Green's function in terms of locally rotated spherical harmonics. This formulation is related to the plane-wave mode expansion. This paper is organized as follows. The general theory for the RTE is reviewed in Section 2. Section 3 outlines a précis of the computation of the Green's function using plane-wave modes. In Section 4 we present the scattering theory for the RTE with an absorbing inhomogeneity. In Section 5 we derive an approximate solution within the accuracy of the first Born approximation for a point absorber. In Section 6 we derive the system of equations governing the solution for a collection of point absorbers. In Section 7 we present numerical results for two point absorbers. We present conclusions in Section 8. We describe the numerical method to calculate the plane-wave modes in Appendix A.
RADIATIVE TRANSPORT EQUATION
The specific intensity ⌿͑r , ͒ is the intensity at position r flowing in direction . The time-independent RTE is given by
where the absorption and scattering coefficients are denoted by a and s , respectively, and the quantity S denotes the source. The scattering operator L is defined by
The integration in Eq. (2) takes place over the unit sphere S 2 . The scattering phase function f gives the fraction of light scattered in the direction due to light incident in the direction Ј. We assume that f depends only on the cosine of the scattering angle · Ј. In physical terms, we consider only spherically symmetric scatterers.
To solve Eq. (1) in a domain D bounded by the surface ‫ץ‬D, we prescribe boundary conditions of the form
with the convention that n points into the domain D. Physically, Eq. (3) means that no light enters the medium except that due to the source. It can be shown that Eq. (1) along with the boundary condition given by Eq. 
COMPUTING THE GREEN'S FUNCTION
The Green's function can be computed as an expansion in plane-wave modes. 8 We review here this construction for the case of an infinite medium. We assume that the medium is homogeneous so that a and s are constants. Green's functions for the half-space, slab, and layered medium can also be computed using plane-wave mode decompositions.
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A. Plane-Wave Modes
We introduce the Fourier transform of the specific intensity:
where r = ͑ , z͒. Setting S = 0 and Fourier transforming Eq. (1) with respect to , we obtain
where = ͑⍀ , ͒. Note that the Fourier transform variable q appears only as a parameter in Eq. (6). Plane-wave modes are general solutions to Eq. (6) that take the form ⌿ ͑q , z , ͒ = exp͓͑q͒z͔V͑q , ͒. By substituting this solution into Eq. (6), we determine that planewave modes satisfy the eigenvalue problem
A portion of the eigenvalue spectrum is continuous. In the discussion that follows, discrete sums are meant to include integration over the continuous part of the spectrum. Plane-wave modes have a useful symmetry. 8 If the pair ͓͑q͒ , V͑q , ⍀ , ͔͒ satisfies Eq. (7), so does the pair ͓−͑q͒ , V͑q , ⍀ ,−͔͒. In light of this symmetry, we order the eigenvalues by their real part and index them so that Re͓ j ͑q͔͒ Ѥ 0 for j Ѥ 0.
The eigenfunctions V͑q , ͒ are mutually orthogonal 8 :
͑8͒
Using these symmetry and orthogonality properties, we require that plane-wave modes be normalized so that
For each q the plane-wave modes form an orthogonal basis. No solutions of Eq. (7) are known analytically except for simple cases. Hence, we calculate the plane-wave modes numerically using the discrete ordinate method. Details of the numerical method are given in Appendix A. We shall assume that we have calculated the plane-wave modes for each q in what follows.
B. Green's Function as an Expansion in Plane-Wave Modes
The Green's function in an infinite medium is the solution to Eq. (1) with S͑r , ͒ = ␦͑r − rЈ͒␦͑ − Ј͒. We shall seek the Green's function in the form
The translational invariance of the Green's function with respect to and Ј is reflected in the form of Eq. (10). The Fourier transform of the Green's function Ĝ ͑z , , zЈ , Ј ; q͒ satisfies
͑11͒
It is bounded for z zЈ. By integrating Eq. (11) about a small interval about zЈ, we obtain the jump condition Ĝ ͑zЈ + 0,,zЈ,Ј;q͒ − Ĝ ͑zЈ − 0,,zЈ,Ј;q͒ = ␦͑ − Ј͒.
͑12͒
Because plane-wave modes form an orthogonal basis, we seek Ĝ ͑z , , zЈ , Ј ; q͒ as an expansion of the form Ĝ ͑z,,zЈ,Ј;q͒ = ͚ j g j ͑z,Ј,zЈ;q͒V j ͑q,͒. ͑13͒
Substituting Eq. (13) into Eq. (11) and using Eq. (7), we obtain
Using the orthogonal properties of plane-wave modes given by Eq. (8) and their normalization given by Eq. (9), we arrive at ‫ץ‬ z g j ͑z,Ј,zЈ;q͒ − j ͑q͒g j ͑z,Ј,zЈ;q͒
From Eq. (15) we deduce that g j ͑z , Ј , zЈ ; q͒ = −sgn͑j͒C j ͑z , zЈ ; q͒V j ͑q , Ј͒. The function C j ͑z , zЈ ; q͒ satisfies ‫ץ‬ z C j ͑z,zЈ;q͒ − j ͑q͒C j ͑z,zЈ;q͒ = ␦͑z − zЈ͒.
͑16͒
We seek the solution to Eq. (16) that is bounded for all z zЈ. According to Eq. (12) C j ͑z , zЈ ; q͒ satisfies the jump condition at z = zЈ: C j ͑zЈ + 0,zЈ;q͒ − C j ͑zЈ − 0,zЈ;q͒ = 1. ͑17͒
Recalling that eigenvalues are indexed so that Re͓ j ͑q͔͒ Ѥ 0 for j Ѥ 0, the solution is readily found to be
͑18͒
Therefore, Ĝ ͑z , , zЈ , Ј ; q͒ is given by Ĝ ͑z,,zЈ,Ј;q͒
͑19͒
We recover the Green's function in real space by computing the inverse Fourier transform given in Eq. (10). Since plane-wave modes are calculated numerically, we compute them for a spatial spectrum appropriate for using discrete Fourier transforms. For that case, we compute the discrete inverse Fourier transform approximating Eq. (10).
SCATTERING THEORY FOR THE RADIATIVE TRANSPORT EQUATION
When the absorption coefficient is inhomogeneous, we decompose a into a homogeneous part a0 and a spatially varying part ␦ a ͑r͒ as a ͑r͒ = a0 + ␦ a ͑r͒.
͑20͒
Substituting Eq. (20) into Eq. (1), we obtain
͑21͒
According to Eq. (4) the solution to Eq. (21) is
͑22͒
Here G 0 ͑r , ; rЈ , Ј͒ is the Green's function in a spatially homogeneous medium with absorption and scattering coefficients a0 and s , respectively. In addition, we have introduced in Eq. (22) the incident intensity
͑23͒
The integral equation of Eq. (22) Eq. (25) may be written in operator form as
͑26͒
Iterating Eq. (26), we obtain
͑27͒
The result above is analogous to the Born series of standard scattering theory. The nth term corresponds to n successive "scattering" events or interactions between the inhomogeneity and the medium. Truncating Eq. (27) after two terms yields the first Born approximation
͑28͒
Rearranging relation (28) we obtain
In Eq. (29) we have introduced the transition operator T͑r , ; rЈ , Ј͒ or T-matrix. The T-matrix maps the incident intensity to the scattered intensity as ⌿ s = G 0 T⌿ i . When written explicitly, ⌿ s is given by 
POINT ABSORBER
We now study the case when the absorbing inhomogeneity is very small. For that case the inhomogeneous part of the absorption coefficient is given by ␦ a ͑r͒ = a ␦͑r − rЈ͒, with a the absorption cross section of the inhomogeneity. For a point absorber we are able to derive an analytical expression for the scattered specific intensity within the accuracy of the first Born approximation from which we determine the T-matrix. Suppose we wish to solve Eq. (1) with an isotropic source, S = S 0 ␦͑r − r 0 ͒ with S 0 constant. According to Eq.
(3) the specific intensity is
Eq. (31) is analogous to an outgoing wave radiating from r 0 . It is the homogeneous Green's function due to a source at r 0 integrated over all source directions. The scattered specific intensity due to a point absorber at r 0 is similar to Eq. (31). However, the source is a secondary one created by the incident specific intensity. Each direction of ⌿ i incident on the point absorber gives rise to the specific intensity created by an isotropic source. Because it is an absorbing inhomogeneity, this isotropic source is a negative source. The scattered specific intensity ⌿ s is the contribution due to all directions of ⌿ i incident on the point absorber at r 0 : 
MULTIPLE POINT ABSORBERS
which defines the operator T j . The operator T j gives the scattered specific intensity due to the specific intensity ⌿ i ͑r , ͒ incident on point absorber j. The total specific intensity is the sum of the incident specific intensity and the scattered specific intensities due to each of the point absorbers:
Here, ⌿ E is the "effective" specific intensity. When no other point absorbers are present, ⌿ E = ⌿ i . However, when other point absorbers are present, we must also include their contributions. To first order, ⌿ E is given by
The term in which k = j is excluded from the sum in Eq. (36) because ⌿ E does not contribute to the effective specific intensity acting on itself. By including explicitly second-and third-order interactions, we obtain
Rearranging Eq. (37) we obtain
Recognizing that the infinite series within the parentheses in Eq. (38) is the same as the one in Eq. (37), we determine that
Hence, the effective specific intensity at point absorber j is given as the sum of ⌿ i ͑r j , ͒ and the scattered specific intensity due to the effective specific intensities from all other point absorbers.
The system made up of Eq. (35) and Eq. (39) is analogous to the Foldy-Lax, self-consistent, multiple scattering equations in a medium containing a collection of discrete scatters. [4] [5] [6] [7] Here, we have extended it to the specific intensity governed by the radiative transport equation. A coupled system of integral equations for the effective specific intensities is given by Eq. (39). Upon solution of this system, we obtain the total specific intensity by evaluating Eq. (35).
The transport equation is a valid model for multiple scattering when interference effects are negligible. Therefore, intensities are additive and to that end, Eq. (35) and Eq. (39) are consistent with that assumption.
NUMERICAL EXAMPLE WITH TWO POINT ABSORBERS
We study two point absorbers located at r 1 and r 2 with absorption cross sections a1 and a2 , respectively. According to Eq. (39), the effective specific intensities on the two point absorbers satisfy
Eqs. (40) constitute a system of integral equations with respect to . We solve this system numerically by a Nystöm method 11 that uses the product-Gaussianquadrature rule to calculate the plane-wave modes (see Appendix A) for approximating the integral operations. This method yields a linear system of equations that is solved using Gaussian elimination. Once that linear sys-tem is solved, we compute the scattered specific intensity by computing
͑41͒
Again, we use the product-Gaussian-quadrature rule to approximate the integral operations in Eq. (41). For our numerical calculations, the absorption coefficient is a = 0.034 mm −1 and the scattering coefficient is s = 6.11 mm −1 . We compute the solution for the HenyeyGreenstein phase function defined as
with asymmetry parameter g = 0.70. For our numerical examples, we now compute the average intensity defined as
at the detector plane z = z d . The only source is a planar one on the z = 0 plane with flux F directed in the ẑ direction:
Hence, the incident intensity is given by
G 0 ͑r,;Ј,0,ẑ͒dЈ. ͑45͒ Figure 1 shows a sketch of this problem.
In Fig. 2 , we show contour plots of U͑x , y͒ normalized by the incident intensity U i ͑x , y , z d ͒ on a dB scale, i.e., we plot contours of 10 log 10 ͑U / U i ͒. In Fig. 2 (a) both point absorbers can be distinguished clearly in the image. However, as the detector plane is moved farther away, one cannot distinguish clearly the two point absorbers. Because the surrounding medium multiply scatters light, the image collected at the detector plane suffers from substantial blurring. As the detector plane is moved farther away from the point absorbers, more multiple scattering takes place thereby increasing image blurring. Moreover, the magnitude of the perturbation decreases as the detector plane is moved farther away from the source and point absorbers.
Next, we study the case in which the two point absorbers are closer to each other. In Fig. 3, we show results for the case in which the second point absorber is located at r 2 = ͑−1.0, −1.0, 4.1͒ mm. The detector planes are located at (a) z d = 5 mm, (b) 6 mm, and (c) 7 mm. For this case, the point absorbers lose their distinguishability faster than the previous case as the detector distance from the source plane increases.
CONCLUSIONS
We have formulated a theory for the radiative transport equation with an absorbing obstacle. Using that general theory, we have derived an analytical expression for a point absorber. For a collection of point absorbers we have derived a self-consistent system of integral equations. This system is analogous to the Foldy-Lax equations for the multiple scattering of classical waves. This theory may be useful in computing quantitative resolution estimates for imaging in multiple-scattering media.
APPENDIX A: NUMERICAL METHOD FOR CALCULATING PLANE-WAVE MODES
We represent in terms of the azimuthal angle and the cosine of the polar angle = cos defined with respect to the z axis. The components of are
We solve Eq. (7) with L defined by Eq. (2) using the discrete ordinate method. We use a product-Gaussianquadrature rule to approximate the integral operation. This method uses an M-point Gauss-Legendre quadrature rule for with abscissas m and weights w m , and a 2M-point extended trapezoid rule with abscissas n = ͑n −1͒ / M for n =1, . . . ,2M. Using these quadrature rules, we obtain the discrete scattering operator:
Here, p is a function defined in terms of the scattering phase function as
͑A3͒
We introduce the interpolant V mn ͑q͒ϷV͑ m , n ; q͒. Rather than solving Eq. (7), we solve instead the 2M 2 ϫ 2M 2 matrix eigenvalue problem: Then we scale the calculated plane wave modes by ͓−␥ j ͑q͔͒ 1/2 for j Ͼ 0 and ͓+␥ j ͑q͔͒ 1/2 for j Ͻ 0. Because of the symmetric quadrature rules used in Eq. (A1), the symmetry of plane wave modes is retained so that −j ͑q͒ =− j ͑q͒ and V −j ͑ m , n ; q͒ = V j ͑ M−m+1 , n ; q͒ for j =1, . . . ,M 2 . We order the eigenvalues by their real parts and index them as follows: Re͓ −M 2͑q͔͒ Ͻ¯Ͻ Re͓ −1 ͑q͔͒ Ͻ Re͓ +1 ͑q͔͒ Ͻ¯Ͻ Re͓ +M 2͑q͔͒ .
͑A6͒
We solve Eq. (49) for each q = ͑ x , y ͒ on an equally spaced grid. This grid is chosen in relation to an equally spaced grid in ͑x , y͒ for use in a two-dimensional discrete Fourier transform. Those results are stored in physical memory. In fact, only half of the eigenvalues and eigenvectors (e.g., those for which j Ͼ 0) are kept. The others can be computed readily using the symmetric property of plane-wave modes.
